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13. IN®OEPEHIINATBHOE UCYUCJEHUE OYHKITAN
MHOT'UX IIEPEMEHHBIX

HOBTOpeHI/Ie HaYaJIbHBIX CBe,ILeHI/Iﬁ IO MHOTHUM II€epeMEHHbIM

13.1. Jluneitnast ctpykrypa B R". R" Kak BeKTOpHOE IPOCTPAHCTBO. JIWHeitHbIe mpe-
obpasoBanus u3 R” B R™. Hopmbr B R™. EBkinaoBa crpykrypa B R™. Hopwmbl jtmHeiiHbIX
0TOOparKEeHNIA.

13.2. /Inppepennman pyuknuii Muorux rmepemenusix. uddepentupyemocts u jiud-
depenruan dyakiun B Touke. uddepennuan u yacrapie npou3Boaubie. Koopaunarnoe
npejacrapienne auddepennuaia. Marpuna kobu. HenpepblBHOCTD, YacTHBIE TPOU3BO/I-
uble n auddepeHnupyeMocTh GyHKINI B ToUKe. /loctaTounbie yeiaopus nuddepeHupy-
€MOCTH.

13.3. OcnoBubre 3akoubl gugepenupopanns. Jluneitnocts onepanun auddepenim-
posanus. /uddepennupoBanue cynepro3unuu JuddepeHupyeMbiX 0ToOpaKeHuii.

13.4. Oxnoponunpie pyuakmnun. Oupenenenne. Teopema Ditnepa.

13.5. Teopema 0 cHMMETPHIHOCTH BTOPHIX CMEMIAHHBIX MPOH3BOJHBIX.

13.6. @opmyiaia Teitiopa juist pyuaknuii muorux nepemenubix. opmysa Teitiopa s
noyimHOMOB 1 iepementbix. PopmynaTeiiopa st QYHKIME € OCTATOYHBIM YJIEHOM B
dopme Tleano. Acuvmrormdaeckoe cBoiicTBO momHOMa Teitiopa ¢yHKINN.

13.7. TexHuka BbIYHCJIEHHS MPOH3BOJHBIX BBICIIHX IIOPSIKOB. BhIpazkeHue s mpo-
u3BOIHON Tmopsiaka 1 dbyukiun ¢(t) = f(z + th). JuddepeHnuanb BBICIHX TOPSIIKOB.
[Tosmuombr Teistopa cymmbl U npousBejieHust AByX orobpazkenuii kiacca CT (dopmyia
Jeitbuuna). [punoxkenns. [TommHomuanbabie GOPMBI 1 PEKYPPEHTHOE HPABUIO BBHIYHC-
Jierust 1ubHepeHInaioB BhICITUX TOPSIKOB.

13.8. Dkcrpemymbl. HeobxoauMbie U JOCTATOYHBIE YCJIOBHUS YKCTpeMyMa (hpYHKIIUU BO
BHYTpEHHel TOUKe 00JIACTU OIpe e/ IeHHsI.

13.9. Teopema 06 obparnoii pyukimuu u ee npujioxernus. Teopema 00 obpaTHoit PyHK-
nuu. Teopema o quddepennpaibHbIX CBOCTBAX 00paTHOTrO oToOparkenus. [lonsarue jud-
deomopdusma st OTKPHITHIX MHOKecTB B R™. [lonsTue KpuBoimHeitHo# cucTeMbl KOOp-
JIMHAT B IIPOCTPAHCTBE.

13.10. Teopema o mesiBHBIX pyHKIH:AX. Teopema o BuimpsamigomeM guddeomopdus-
Me.

13.11. Teopema o panre. llongrue pyHKIMOHAIBHON 3aBUCUMOCTH CUCTEMbI (DYHKIIHIT.
Heobxoaumbie yc/ioBust 3aBUCUMOCTH, JOCTATOYHbBIE YC/IOBHSI.

14. OCHOBBI TVIAIKOTO AHAJIN3A

14.1. /luppepenmupyempre MHOroobpasus B npocrpanctse R". Oupenenenune. JIokaib-
Hble CHCTeMa KOOpJMHAT U MapaMeTpu3aius, (PYHKIUg Iepexoa s JIBYX JIOKAJIbHBIX
napaMeTpU3aInid.



14.2. Crpoenne MHOXKECTBA, OMPEIEISIEMOTO HEBBIPOXKIEHHOH CHCTeMOH ypaBHEHHI B
npocrparcte R™. CTtpoenne MHOKECTBA, OIPeJIE/IIeMOT0 cucTemMoii ypasuenuii. [Ipuwve-
DHI.

14.3. KacarespHoe npoctpancTso. Oupeaenenne. HezaBucumocTh 0T BBIOOpa mapamMeT-
pU3aIum.

14.4. HopmaJjibrnoe npocrpanctBo. [lousitue rpajinenra. bazuc HopMaJibHOTO IPOCTPaH-
CTBa K MHOT00OPa3uio, 3aaBa€MOMY CUCTEMON yPaBHEHMUIA.

14.5. VcmoBubie sxcTpemyMmbl. Heobxoaumoe yeiaoBue sxcTpemyMa. [lpuaiun MEOKE-
teneit Jlarpanzxka. /loctaTounoe ycioBue 3KCTpeMyMa.

15. UHTETPAJI JIEBETA

15.1. Ilogrorosurenpusie cBegenus. Iloustue apodsieiicst cucrembl. [Tpumepst (cu-
crema S* k-mepubix cermentos B R™). Jlemma o apobiennn. [lonsitue Mepbl Ha Apo6s-
meficst cucTeMe u MOHSTHE MHOXKEeCTBa ¢ Mepoii. [IpocrpancTBo crymenuarsx OyHKIHI.
UnrerpupoBanne cryneHdareix ¢dpyHknuii. CBoiicTBa 3jeMeHTapHOro mHTerpasa. llpun-
UM NcdeprbiBanusd. [IpuMepsl cueTHO-a/ITUTUBHBIX Mep. DJaeMeHTapHas Teopema Berro
JleBu myig crynmeHdarwsix GbyHknumii. DiaemenTapuas teopema PyOouHU I8 CTYTEHYIATHIX
dyHKIHi.

15.2. Onpenesenne narerpaia Jlebera. [lousitine nHTErpaIbHOI OIIEHKHN (BHENTHETO WH-
rerpana). Cpoiicra. [Tonsitue waTerpana Jlebera. Cpoiictea waTerpasa. [IpocrpancTBo
Li(X;E) cymmmupyembix dbyukiuii. [Ipenebpekumbie MHO)KecTBa U byHKIun. X cBOii-
crBa. Tepmun “mourn Bcrogy", ero cpoiicTsa.

15.3. Teopembl 0 1pejeibHOM HEPEXOJe JIJIsi MOCJIEH0BATE/IbHOCTEH HHTEIDUDYEMbIX
¢yukmmii. Teopema o HopMasbHO cxojgmuxcst psigax. Caencrsust (Teopema Bermo Jle-
Bu, Teopema @. Pucca o nosmHore). Jlemma o BepxHeil ormbaroIieil moc/ie10BaTeIbHOCTH
nnaTerpupyembix dynkmnuit. Teopema Jlebera o maxkopupyemoit cxomumoctu. KonTprnpu-
Mepbl. CBs3b mnTerpasa Jlebera ¢ maTerpasiom Puvana B mpocrpancrse RF. Kpurepmit
nHTerpupyeMoctn o Puvany B RF.

15.4. N3smepumbie ¢pyaxmun. Ouepanuu HaJi ©3MepUMbIMU (DYHKIHIME. Teopema 00
U3MEPUMOCTHU MOYTH BCIOy HenpepbiBHOW (bynknuu. [Tonstue cpesku. Jlemma o cpeske.
[Ipusnak uaTerpupyemoctu Jlebera. Cnepcrus. Teopema 06 m3amepuMocTu mmpejesa Io-
CJIeI0BATEILHOCTH N3MepUMBIX byHKImi. Ompeiesienne  CBOCTBA MHTErpaia HEOTPUTIA-
TesqbHON m3Mepumoit byukiun. Jlemma @ary. [lonaruga Mepbl U ©3MEpUMOro MHOXKECTBA.
COBOKYITHOCTH M3MEPUMBIX MHOXKECTBA KaK O-KOJbIO0. V3Mepumocts MHOXkKeCTB Jlebera
u3Mepumoit pyHKIuN. XapakTepusalus u3MepuMoil (pyHKIuu dyepe3 MHOKecTBa Jlebera.

15.5. Teopembr @younn u Tonentn. Konrpupumepsr. Jlemva o nosropuoit Hopme. @op-
mysa Kaaabepu — JleGera.

15.6. @opmyna 3aMeHBI MepeMeHHBIX B KPATHOM HHTeTrpa.ie.

1. CroiictBo pery/sipaoctu mepbi Jlebera. BopesieBckue MHOXKeCTBA UX CBSI3b C H3-
MepuMbiMu MHOXKecTBamu. [loBegenune mepni Jlebera oTHOCHTE/ILHO M30METPUYECKHUX U
mo100HBIX TTpeoOpaszoBanmit. Vckarkenne mepsr Jlebera mpu JIMHEHHBIX HEBBIPOK IEHHBIX
peodpa30BaHUIX.



2. Jlemma o N-cBoiicTBe I1a1K0ro oTobpazkenus. JleMmMa 0 JOKaJIbHOM UCKazKeHUH Me-
pBI P IJIaIKuX roMeomopdusmax. TeopeMbl 0 3aMeHe nepemMeHHoi B naterpasie Jlebera.

3. O6bem mapa B R™. UuarerpupoBanue ocobennocreii Buga |x|™ B R” B okpecTHOCTH
0 m oo.

15.7. Ilorarne wHTErpaJia, 3aBUCAINETO OT MapaMeTpa. TeopeMbl 0 TpeIeTbHOM TIepe-
XO/I€ TI0 ITapaMeTpy, HelPEPbIBHOCTHU O apameTpy, JuddepeHIupyeMocTu 10 HapamMmeTpy
(mpaBusio JleitGHuIa), MHTErPUPYEMOCTH TI0 TTApAMETDY

15.8. I'amma u 6era pyuknuu Jitaepa. ObaacThb omnpejiesieHus, (GOpMYJ/Ibl TOHUKEHHUSI,
dopmyna Jitiepa — [Naycca, popMmysia J0MOJTHEHNS, CBA3b MEXKY dil1epoBbIME (DYHKITU-
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16. Paabl 1 TPOU3BE/IEHUSA

16.1. Ilorsitne 6eckoredrnoro nponssegerns. OnpepeaeHne CXOIMMOCTH DECKOHETHOTO
npousBeiennd. [Ipu3nakn cxoagumoctu. Popmyna Bamrnuca.

17. HECOBCTBEHHBIE UHTEI'PAJIbI, 3ABUCHIINE OT IIAPAMETPA

17.1. Ilonstue paBHOMEpHOI HHTErpupyeMoctu ceMmeiicrBa ¢yukmuii. Kpurepuit Ko-
1 — BoJibllaHO0 pAaBHOMEPHON MHTErPUPYEMOCTH, MazKOPAHTHBIN IpU3HaK, nnpusHaku /[u-
puxje u Abes.

17.2. Obrme Teopembr 0 MpeaeTbHOM HePexXoe Mo 3HAKOM HHTErpaJia i O HeIPEPhIB-
HOCTH (DYHKIIHIH, IIPEJICTaBUMBIX HHTEIpaJaMH, 3aBHCIIIAMH OT IapaMerpa. TeopeMbl 0O
nuddepeHITnpoBaHIN U HHTETPUPOBAHUE WHTEIPAJIOB 10 IapaMeTpy.

18. @YHKIIMOHAJILHBIE PSIJIbI

18.1. IpocrpancrBa Loo(A, X) u C(A, X). Tlonsarue paBHOMEpHO cxosieiics moce-
nosaresibuoctu. [lTojinora npocrpancrsa Lo,. Teopema /Iunu.

18.2. Teopema Apre.a.

18.3. IlomssTme paBHOMEDHOH CXOJUMOCTH JJIsT (DYHKIIHOHAJIBHBIX psaoB. Kpurepnii
Komu — Bonbmano paBHOMEpHOI cXOIUMOCTH paaa. MayKOpaHTHBII TPU3HAK PABHOMED-
Hoit cxomumocTu. [Ipusnaku upuxiae n AGeas paBHOMEPHOH CXOAUMOCTH (DYHKITHOHATH-
HOT'O Psijia.

18.4. PaBHOMEDHO CXOJSIIIIHECS MTOCI€/[0BATEIbHOCTH HHTErPUPYyeMbIx (hyHKIHiT. Teo-
pPEMBI O TIOYJIEHHOM HHTerpupoBanuu u AuddepeHnupoBann QyHKIMOHATBHBIX DIIO0B.
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18. Teopewmnbr Jlebera o jquchdpepentupoBanmm.

Ompenesienrie KBa3ua, [INTHBHONW (DYHKIUA MHOZXKECTBaA. [I[pumepsr.

Bepxussa u HUKHSIS MPOU3BOIHBIE KBA3UAIUTHBHON (DYHKIIME MHOYKECTBA.

JlemMMa 00 U3MepUMOCTH BepXHei 1 HUZKHe MPOU3BOIHON KBa3ua I IUTUBHON (DYHKITNN
MHOZKECTBA.

Teopema 00 ornenke wHTErpaJia OT BepXHeil IMPOU3BOAHON KBa3uaIUTHBHOW DYHKIIUN
MHOZKECTBA.

Teopema JlebGera o auddpepeHnupoBaHry HHTErPAJIA.

CoBnajieHne BepXHell HUZKHeH MpOU3BOIHOI KBAa3Ha I IUTUBHON (DYHKIIUN MHOXKECTBA.

AbcoroTHO HenpepbiBHBIE Mepbl. Teopema 0 BOCCTaHOBJIEHHH A0OCOJIOTHO HEIPEePhIB-
HOIl MepBbl 110 ee IIPOU3BOJIHOM.

Teopema JIebera o auddepennupoBaHnn MOHOTOHHON (DYHKIIAH.

QyHKIIN orpaHmIeHHON Bapuamnuu. VIX ocHOBHBIE cBoiicTBa, mpuMephl. Teopema 2Kop-
JlaHa O TpeJicTaBIeHun (PYHKIIUU OrPAHUYEHHOI Bapuanui KaK pa3HOCTU JIBYX MOHOTOH-
ubix dyuknuit. Teopema o juddepennmpoBanuy 10YTU BCIOY (DYHKIUU OIPAHUYEHHOI
BapHUAINH.

AbcomrorHo HenpepbiBHBE dyHKIuU. VX cBoiicTBa, npuMepsl. Jlemma 0 mocTostHCTBE
abCOJIIOTHO HENPePBIBHOM (DyHKIIMY, IPOU3BO/IHAS KOTOPO paBHa HYy.110. Teopema Jlebera
0 BOCCTaHOBJIeHUN (DYHKIUU IO €€ TTPOU3BOTHOIA.

[IpencTaBieHnn MOHOTOHHOU (YHKIIUU B BUJE CYMMBI TpeX MOHOTOHHBIX (OYHKITHIL:
JIMCKPETHOi, aDCOJIIOTHO HEIPEPLIBHON U CUHI'YJISIPHOII.

19. IHTErPAJI JIEBETA (IIPOIOJIZKEHUE)

19.1. Mepnr Xaycaopga. Oupeyenenne Baemtneit mepol. [Ipumepsr. Onpegesenne u3-
Mepumoctu 1o Kapareogopu. CBsa3b ¢ uaMepumocTbio 10 Jlebery. CoiicTBa U3MepHMbIX
nojaMHOzKecTB. [Ipusnak namepumoctu Kapareomopu /i yaaaeHHbIX MHOXKeCTB. Kpure-
puit Kapateoaopn n3MepuMocTi OOpPEIeBCKUX MHOXKECTB B METPHUUECKOM HMPOCTPAHCTBE.
Teopema 06 ucuepubiBanuu 60peseBckux Muozxkects. Mepor Xaycaopda. CroiicrBa Mepbl
Xaycaopda. Teopema o peryisipHoctu Mepbl Xayciaopda. Pazmepnocts mo Xaycaopdy.
Nzomnamerpudeckoe HepapeHcTBO. CBs3b MexKy Mepamu Xayciaopda u Jlebera. Teopema
bune — Kommn.

19.2. HuTterpupoBaHie Ha k-MepHBIX MOBEPXHOCTSX. JleMMa O JTOKATbHOM HCKAYKeHHUH
Mepbl (onpejeanresb ['pama Kak 3JeMeHT I0Ia/u noBepxuoctn). Jlemma 06 o6pasze MHO-
JkecTBa BoIpokaeHus. Popmysta momaau. larerpupoBanue Ha k-MepHBIX TOBEPXHOCTSIX.
Caenenne mHTErpasa mo Mepe Xaycaopda K maTerpaay mo mepe Jlebera. arerpas Jle-
Oera B moJIgpHOU cucTeMe KoopauHat. [Lioma s noepxuocTu Bparenus. [muna KpuBoii,
mwiornia b rpaduka dyakiun. Mepa Ha MuHoroobpasuu. [11omma s moBepXHOCTH BpallleHHs.
DopmyJia KOIJIOMIA/IHU.

19.3. A-obpasupie nociaesoarenabHoctu. Iloustue cBeprku u ee csoiicrBa. Oupeese-
e A-o0pa3Hoii mocsieroBarebHOCTH. [IpuMepsl. JlemMa 0 paBHOMEPHOM MPUOJINIKEHUH.
Anmpokcumanuonnast Teopema Beiteprpacca. PaBHoMepHoe npubiinzKeHne HelpepbIBHOM
GYHKIUN TPUTOHOMETPHIECKUMHA MHOTOUJIEHAMM.



19.4. Teopema 06 amnnpokcumaruu e€aHHHIIBI. TeopemMa O HENpPePLIBHOCTU CJABHUIA B
Ly (Rk) Teopema 06 anmpokcnvannu equauibl. Cpegnane mo Creksioy n CobosieBy (cBepT-
ka dyuknuii ¢ sypom Cobostesa uian Crekiosa). [nagkocrs cpegnnx MyHKIMR ¢ T8 KIM
anpom. Teopema o miorroctn C°(RF) B Ly (RF).

20. IHTEIrPUPOBAHUE BHEIIHUX JU®PEPEHIIMAJIBHBIX ®OPM

20.1. Bremane gugpepennuaababie popMbl mepBoii crenenn. [longaTue wHTErpaga ot
¢dopMbI 11E€PBOit cTEneHn BIO/Ib TIQIKOTO nyTu. [[pumepsi. YcioBue HE3aBUCUMOCTH UHTE-
rpaJjia OT BbIOOpa IyTH, COEJMHSIONIEro Janubie Touku. [Ipumeps. Koopaunaruoe npej-
crapienne. Onepanus neperoca, ee cpoiicrsa. arerpuposanne GhopM TepBOii CTENeHHN.
CsoiictBa nnrerpasa. Popmyna Heiorona — Jleitbuuna. @opmyna ['puna.

20.2. Ilousarue BHemrHei gucgepennuaabaoii popmbl cremern r > 0 Ha OTKPBITOM
mHokecTBe nmpocrparcrsa R™. Ilpumepsl u ux pas/andnblie narepuperanuu, ¢popma [aycca.
Omnepamun vaj jguddepennuaibabivMu popmavu. Koopaunarnoe npejcraBienue BHEIII-
nux ¢gopm. Buernrnee mpoussesenne guddepennuaababix (bOpM U €ro CBOWCTBA.

20.3. Ilomsrue maugpepenuaia BremHed ¢opmbl. Buemnuit quddepennuan u ero
cBoiicTBa. [lepBag Teopema Ilyankape.

20.4. I'magkme oTOOpaKeHUsT OTKPHITHIX MHOXKECTB MpocTpaHcTBa R 0 HHAVIIHPOBAH-
HbIe HMU 1Ipeobpa3zoBanust BHenTHuX ¢opm. CBoiicTBa onepanuu mepenoca.

20.5. Iousrtme opuentanun k-mepaoro muaoroodpasmns B R™. NugynupoBanHast opueH-
Tanusa Kpas. Kpurepuit opuentupyemoctu jguddepenupyeMoro Muoroodopasus. [Ipume-
PHI.

20.6. Daemenrapraass ¢popmyna Hororona — Jletioauma — I'puaa — l'aycca — Octpo-
rpajckoro — CTokca.

20.7. Harerpuposanne k-cpopm mo k-mepubivm memsiv. Otmpejiesienne k-MepHOTO KyCKa
MHOTOOOpasus. CpoiicTBa. k-mepHas 1enb. ['pannna kKyba Kak k-mMepHas Tenb. |'panurna
nenu. VaTerpuposanue mo k-mepuoit nenu. Popmyna Crokca — Ilyankape.

20.8. IlousaTne mHTErpaJja BHEIIHEH (hopMbI IO OPHEHTHPOBAHHOMY IHpbhepeHIupye-
MoMy MHOroobpasuio. Jlemmva o pazouenunu eguauipi. Oupesesenne narerpasia. Koppekr-
HOCTH onpeaenenus. [[pusnak warerpupyemoctu. CBoiicTBa MHTErpaJia.

20.9. O6o6mennast narerpaJbHas Teopema CTOKcA.

20.10. Bekropublie mojist u guggepernuaababie ¢popMbl. OCHOBHBIE MOHATHS BEKTOP-
HOTO aHAIN3a.

20.11. Touubie u 3amkuyTbIe hopmbl. [lousitue 3Be3H0# obacTu. Jlemma Ilyanka-
pe. Ilpumenenus. Nurerpasn or ¢popmbr [aycca. Teopema o mienke. Teopema Bpayspa o
HEMOABUKHOI TOYKeE.

21. Pdaabl OYPHE.

21.1. Omnpenenenne psima Pyppe. OnpejiesieHrne OpTOTOHAJIBHBIX cucTeM. lIpumepsr.
Kosdpdbunuentsr Pypbe OTHOCUTETHHO OPTOTOHATBHOI CHCTEMBI B TPOCTPAHCTBE CO CKa-
JisipabiM 1poussejienueM. Hepasencrso Becceis. losnbie cucrembl u ycjioBue 1mOJIHOTbI
OPTOTOHAJIBHON cucTeMbl. [ToJIHOTA TpUTOHOMETPUIECKOiT cucrembl B Lo[—m, 7w]. Teopema
o cxoaumocTn B cpeaneMm. PaBenctro [lapceBadis.



21.2. Iloroueunasi cxoaumocth psina Dyprpe. Jlemma Pumana — Jlebera. fapo lu-
puxJie, ero cBoiictBa. [Ipunmun jgokamuzamuu. Yciaosue Junu. [Tpumepsi. Tocrarotunoe
[e.e]
: 2
yCIIOBHE CXOMUMOCTH psia B Touke. IIpmvepsr. ®opmyma =278 = [] (1 — f?) W3onepn-

€T
n=1
MEeTPHAYECKOe CBOMCTBO 1Iapa.



