
1.Äîêàæèòå, ÷òî ÿäðà Ôåéåðà Fn(x) =
χ(x)[−π,π]

(n+1)

n∑
k=0

Dk(x), ãäå Dk(x) = sin(k+1/2)x
2πsin(x/2)

�
ÿäðà Äèðèõëå, îáðàçóþò ∆-îáðàçíóþ ïîñëåäîâàòåëüíîñòü.

2.Äîêàæèòå, ÷òî åñëè f ∈ C(R) � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, òî f ∗ Fn ⇒ f ïðè
n →∞ íà R.

3.Äîêàæèòå, ÷òî ïåðâîîáðàçíàÿ ÿäðà Äèðèõëå îãðàíè÷åíà, ò. å. | ∫ x

0
Dn(t) dt| < C.

4.Ïóñòü f � 2π-ïåðèîäè÷åñêàÿ àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî
ðÿä Ôóðüå ôóíêöèè f ñõîäèòñÿ ê íåé âñþäó.

5.Äîêàæèòå, ÷òî ÷àñòè÷íûå ñóììû ðÿäà
n∑

k=1

sin(nx)
n

îãðàíè÷åíû êîíñòàíòîé, íåçà-
âèñÿùåé îò x.

6.Ïóñòü Sn(x) � ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå äëÿ ôóíêöèè sgn(x). Äîêàæèòå,
÷òî lim sup

x→x+0
Sn(x) = 2

π

π∫
0

sin x
x

dx ≈ 1, 179.

7. Ïóñòü f ∈ C1(R) � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, an, bn � å¼ êîýôôèöèåíòû Ôó-
ðüå. Äîêàæèòå ñõîäèìîñòü ðÿäà

∑
(a2

n + b2
n)n2.

8.Ïóñòü f ∈ Ck(R) � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, an, bn � å¼ êîýôôèöèåíòû Ôó-
ðüå. Äîêàæèòå, ÷òî an = o(1/nk), bn = o(1/nk) ïðè n →∞.

9.Ïóñòü f ∈ C1(R) � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî ðÿä Ôóðüå ôóíê-
öèè f ñõîäèòñÿ ê íåé ðàâíîìåðíî.

10.Ïóñòü f � 2π-ïåðèîäè÷åñêàÿ ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ, bn � êîýôôè-
öèåíòû Ôóðüå (ïðè sin(nx)) ôóíêöèè f . Äîêàæèòå, ÷òî ðÿä

∑
n=1

bn

n
ñõîäèòñÿ.

11.Ïîñòðîéòå ïðèìåð ïî÷òè âñþäó ñõîäÿùåãîñÿ òðèãîíîìåòðè÷åñêîãî ðÿäà, êîòî-
ðûé íå ÿâëÿåòñÿ ðÿäîì Ôóðüå íèêàêîé ôóíêöèè (2π-ïåðèîäè÷åñêîé ëîêàëüíî èíòå-
ãðèðóåìîé).

12.Ïóñòü f ∈ C1(R) � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, ïðè÷¼ì
2π∫
0

f(x) dx = 0. Äîêà-

æèòå íåðàâåíñòâî
2π∫
0

f 2(x) dx ≤
2π∫
0

(f ′(x))2 dx.

13.Ïóñòü f ∈ C1[0, π] è f(0) = f(π) = 0. Äîêàæèòå íåðàâåíñòâî
π∫
0

f 2(x) dx ≤
π∫
0

(f ′(x))2 dx.

14.Ïóñòü f ∈ C1[0, π] è f(0) = −f(π). Äîêàæèòå íåðàâåíñòâî
π∫
0

f 2(x) dx ≤
π∫
0

(f ′(x))2 dx.
15.Ïóñòü f � 2π-ïåðèîäè÷åñêàÿ ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî

åñëè âñå êîýôôèöèåíòû Ôóðüå ôóíêöèè f ðàâíû 0, òî f(x) = 0 ïî÷òè âñþäó.
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